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Upon encountering Precision Teaching for the
first time, a person will soon come into contact
with an unusual type of graph paper. The graph
has light blue grid lines arranged in "landscape"
view on white paper. What makes the graph
unusual for most people though, is the
arrangement of the horizontal lines going across
the paper. More specifically, the scale up the left
seems strange. Instead of the familiar equally
spaced intervals marked off, the lines show an
odd pattern. Starting at the bottom of the Chart at
.001 and going up, the lines get closer and closer
together. When one reaches .01, and continues
up, the pattern repeats. The same pattern starts
over at .1 and then again at 1,10, and 100. How
odd! Most people quickly get past this
strangeness and soon learn to plot dots, read
data, and learn the lingo that goes with the graph.
One quickly learns that people in Precision
Teaching do not use the word "graph." The blue
graph is called a "Chart." In fact, one hears it
called "the Chart." Further, the Chart has a
name: Standard Celeration Chart. One also
learns to call that strange scale up the left side a
"multiply-divide" scale. Sometimes one may
hear the Chart referred to as the "six cycle chart,"
and even on occasion as a "semi-log chart." One
may even learn that semi-log means that one of
the two axes is a logarithmic or log scale. One
does not need to know what "log scale" means in
order to work with the Chart. Most people
probably just file that bit of information away
anyway.
But what if one wants to know what
"logarithmic" means? What is a log scale?
Simply put, it is a scale constructed from a table
of logarithms (e.g., Schmid, 1954). You may
have heard of logarithms along the way, but
never really learned what they are, how to work
with them, or what their relationship to the Chart
happens to be. Knowing about logarithms may
help explain that strange log scale and provide

insight about why, for instance, there are "six
cycles," or why the distance from 1 to 2 equals
the distance for 3 to 6 , 5 to 10,40 to 80, and so
on. Besides, it is the quadrennial of logarithms
this year. So why not find out about the
logarithms that underlie the Chart's log scale?

Background
Logarithms were invented by John Napier (1550
- 1617), of Edinburgh, Scotland. Napier first
got the idea for logarithms in 1594, four hundred
years ago (Hellemans & Bunch, 1988; Hobson
1914). However, Napier did not publish his
invention for another 20 years. In 1614, he
wrote Mirifici Logarithmorum Canonis
D e s c r i p t o . The Latin title translates to
"Description of the Wonderful Canon of
Logarithms." The book explained logarithms,
and gave us the first log tables and rules for
using logarithms.
Holding title as the 8th Laird of Merchiston,
Napier inherited his father's estate, and spent his
life as a land-owning proprietor, indulging in
inventing, theology, and mathematics. Thirtyeight at the time of the ill-fated Spanish Armada
(1588), Napier spent several years inventing a set
of then-fantastic military devices for repelling the
Spaniards. Though mainly never built, his
inventions included an array of burning mirrors
similar to those devised by Archimedes in ancient
times, artillery designed to destroy all life within
the radius of one mine, and round armored
chariots (Hobson, 1914). He also occupied his
time publishing anti-Catholic tracts.
By 1594, Napier's interests turned to a new way
of calculating, using numbers expressed in
exponential form. First called "proportionate
numbers," but later "logarithms," Napier spent
the next 20 years pursuing this mathematical
invention, eventually devising tables of
logarithms. Napier used a number close to lle
(where e =2.7 182818284... a repeating decimal)

as the base for his logarithms (Hobson, 1914).
Logarithms to base e are called "natural"
logarithms, or "Napierian" logarithms. Often,
Napier is miscredited for inventing natural
logarithms. Instead, his logarithms pertained to
trigonometric functions, specifically the sines of
angles for 00 to 900. These logarithms proved
especially applicable to astronomy -- and hence to
naval navigation. The mercantilist British East
India Company, formed in 1600, needed such
inventions to provide an emerging imperialist
global power with a competitive edge.
Publication of Napier's book in 1614 provoked
an immediate stir among scientists and
mathematicians of the day, among them the
famous astronomer, Johann Kepler. Another
was Henry Briggs, a Fellow at St. John's
College and Gresham Professor of Geometry in
the City of London. In 1615, Briggs visited
Napier in Edinburgh for one month, and then
again in 1616. Briggs proposed that logarithms
be developed using the more familiar and
convenient base 10. Napier agreed. They called
Brigg's idea "improved logarithms" (Hobson,
1914). Briggs calculated these improved
logarithms, and in his 1616 visit showed Napier
the tables he had made. Then in 1617, the year
Napier died, in Logarithmorum chilias prima
Briggs published a 16 page table of what came to
be called "common" logarithms. Later, in 1624
Briggs published Arithmetical logarithmica,
which had common logarithms to 14 places,
covering numbers from 1 to 20,000 and from
90,000 to 100,000 (Encyclopedia Americana,
1993, Volume 4, p. 554).
Though there are several kinds of logarithms, the
ones that will concern us here will be the
Briggsian common logarithms. Again, common
logarithms are set up in base 10. A table of
common logarithms has been included in
Appendix I, which will be referenced several
times.

Defining and Finding Logarithms
So, what are logarithms? First, every number
has a logarithm associated with it. Every number
can be converted to its logarithm, and every
logarithm can be converted back to a number.
Second, logarithms are set up on a multiplydivide basis. Instead of multiplying two
numbers and obtaining a product, one can

convert the numbers to their respective
logarithms, add the two logarithms, and convert
this sum back to a number. The number would
be the same as the product. Logarithms became
more useful when raising a number to a power or
finding the nth root of a number. To raise a
number to a power, one multiplies the exponent
-- the power -- by the log of the number. Thus,
832 would be 32 times the log of 8, for instance.
As mentioned, every number can be converted
into a logarithm. A logarithm is another number,
but with a specific definition. The definition
focuses on the decimal point of the logarithm.
For example, the logarithm for the number 80 is
1.9031. Every logarithm has two parts. These
parts are the "characteristic" and the "mantissa."
A simple rule keeps this terminology clear (e.g.,
see Bruhns, 1939). In a logarithm, the
characteristic is that part of the logarithm to the
left of the decimal point. The mantissa is that
part to the right of the decimal point. Thus, for
the logarithm 1.9031, the characteristic is 1, and
the mantissa is 9 0 3 1.
There are precise rules for finding the
characteristic and mantissa for any number. For
any whole number, the characteristic is always
one less than the number of digits to the left of
the decimal point of the whole number. The
number 80 in the example is really 80.0 and thus
has two digits to the left of the decimal. The
characteristic is one less than the number of digits
to the left. Thus, the characteristic for 80 is 1.
The characteristic for 800., which has three digits
to the left of the decimal, would be 2 according to
the rule. The characteristic for 8 would be 0.
because 8 is only one digit. For numbers equal
to 1 or greater, the characteristic is always
positive.
For decimal numbers, the characteristic is
preceded by a minus sign. Another rule exists
for finding the characteristic of decimal numbers.
For deciial numbers -- those beginning with a
decimal point -- the characteristic is the number
of places to the right of the decimal to the first
significant (non-zero) digit. For the decimal
number 0.8, the characteristic would be -1. The
first place to the right of 0.8 has a significant
digit. For 0.08, the characteristic would be 12,
and for 0.008 it would be -3. Table 1 illustrates
characteristics and the respective ranges of
numbers they cover.

Table I
Characteristics and the Number Ranges They Cover

Characteristic:

Number Range Covered:

A person experienced with the Standard
Celeration Chart will see at a glance that the
characteristics relate directly to the six cycles of
the Chart. Each cycle on the Chart corresponds
to a range of numbers. Each cycle thus corresponds to a particular characteristic. One can
use Table 1 to figure out the characteristic for any
frequency on the Chart. For example, 8 per
minute falls within the 1 - 9 range. The numbers
in this range have one digit, so we know that
their characteristics are 0. However, 12 per
minute would have a characteristic of 1; 35 per
minute would also have a characteristic of 1, as
would 67 per minute and even 99 per minute.
100 per minute would have a characteristic of 2.
Going in the other direction on the Chart, 0.2 per
minute would have a characteristic of -1, whereas
0.05 per minute would have a characteristic of
-2.
Characteristics are that portion of a logarithm that
explain the six cycles. The mantissas, on the
other hand, explain why within each cycle the
lines get closer and closer together as you move
up the scale. Mantissas are the other half of
logarithms. They can be found in Appendix 1.
In logarithms, the mantissa follows the decimal
point. Mantissas, however, are independent of
the decimal points of the number being converted
to a logarithm. The characteristic tells one which
cycle he is in. The mantissa tells one where one
is within any cycle. The cycles all have the same
mantissas and differ only according to the
characteristics. This may sound like a confusing
distinction, and some examples may help clarify.
Thus, for example, 800, 80.0, 8.00, 0.800,
0.0800, and 0.00800 all have the same mantissa,
but different characteristics. The mantissa for
800, 8.00, and 0.00800 is the same: The
mantissa for both 40.0, and 4.00 is .6021. 40.0
has two digits to the left of its decimal, so its
characteristic is 1. 4.00 has only one digit to the
left of its decimal, so its characteristic is 0. The
log of 40 is 1.6021, and the log of 4 is 0.6021.
Using the table in Appendix 1, one can find the
logarithms for 10, 20, 30, 40, 50, 60, 70, 80,
and 90. For all of these numbers, the
characteristic is 1. So the table in Appendix 1 is
used to find the mantissas. Starting with 10, one
should scan down the column that has N as the
header. The first number in this column is 10.
Next, look to the first column to the right. Its

header is 0. This means one is finding the
mantissa for 10.0 under this column, which is
0000. Continuing on the same line to the right,
the mantissa for 10.1, then, is .0043. The
mantissa for 10.2 is .0086. One could keep
reading across this line until one came to the
column headed with 9. The mantissa for 10.0 is
.0374.
If one moves down column N, the next number
down is 11. The mantissa for 11.0 is .0414.
The mantissa for 12.0 is .0792. On down
column N, one finds the mantissa for 20.0 is
.3010. For 30.0 the mantissa is .4771, and for
40.0 it is .6021. 50.0 has a mantissa of .6990;
60.0 a mantissa of .7782; 70.0 is 3451; 80.0 is
.903 1; and 90.0 is ,9542. Bear in mind, again,
that mantissas are independent of the decimal
location of the original numbers. The mantissa
of 9.00 is also .9542, for example. The full
logarithm for 9.00 is 0.9542, and the full
logarithm for 90.0 is 1.9542.
One may notice something else about the pattern
of these mantissas. The mantissa for 9.00,
which is .9542, is not very much above the
mantissa for 8.00, which is 903 1. The mantissa
for 2.00, which is .3010 on the other hand,
occurs a considerably larger difference up from
the mantissa for 1.00, which is .0000. Note that
the increments in mantissas get smaller and
smaller as the numbers increase. Indeed, in
examining Appendix 1, one should note that the
mantissas of all the numbers from 80 through 99
begin with 9. It is interesting to compare that to
how many begin with 0 or 1.
Another way of thinking about mantissas would
be to consider them proportions, of the way up,
the number scale. The lowest mantissa, 0000, is
0% of the way up. .3010 is nearly a third of the
way up. .6990, the mantissa for 50.0, is more
than half the way up; indeed, this is more than
two-thirds the way up. Look at a Standard
Celeration Chart. Five per minute is certainly
more than two-thirds the way up between 1 per
minute and 10 per minute. Eight per minute is
90% of the way up that cycle, and 9 per minute is
95% up that cycle.
Table 2 lists the common logarithms for the top
three cycles of the Standard Celeration Chart.

001
002
OOE:
006
00s
009
OOL
008
006

Equal Differences Represent Equal
Distances
Examine Table 2 again. Notice the log of 2 is
.3010. The log of 4 is .6021. The difference is
3011. Now notice the log of 8, which is 903 1.
The difference between the log of 8 and the log
of 4 is .3010 -- which happens to be equal to the
log of 2. Also, .3010 is practically the same as
.3011. On the Chart, the distance from 2 to 4 is
the same as the distance from 4 to 8, the same as
the logs. Consider a couple more examples. The
log of 3 is .4771, and the log of 6 is .7782. The
difference is .3011, the same as the log of 2. To
go from 3 to 6, one multiplies by 2. On the
Chart, the distance from 3 per minute to 6 per
minute is the same as that between 1 per minute
and 2 per minute. The same results if one
considers 5 per minute and 10 per minute. The
log of 5 is 0.6990, and the log of 10 is 1.0000.
The difference is 0.3010 -- again equal to the log
of 2! On the Standard Celeration Chart, equal
distances represent equal "multiplies by" or equal
"divides by" (Pennypacker, Koenig, and
Lindsley, 1972).

Working With Logarithms
One more term should be introduced: An
antilogarithm, or antilog for short, is the number
that corresponds to a given logarithm. The
process of converting a logarithm back to a
number is referred to as finding the antilog. To
find the antilog of 2.9031, one first consults
Appendix 1 and finds the mantissa 9031. It is in
the 0 column next to 80. The characteristic is 2,
so one knows that there will be three digits to the
left of the decimal. The antilog of 2.9031, then,
is 800. Technically, the numbers listed up the
left scale of the Standard Celeration Chart would
be antilogs (Schmid, 1954); however, it is
simpler to treat them as natural numbers on a
multiply scale.
One may notice that the table in Appendix 1 does
not actually list all possible logarithms. For
example, it lists the mantissa for 10.0, which is
0000, and the mantissa for 10.1, which is 0043.
But what about 10.05, which is between 10.00
and 10.10? For this number, or any other "in
between" number anywhere else, a process of
interpolation must be used to compute the
logarithm. Interpolation must also be used if the
mantissa of the log is to be converted back to a
number that is not in the table. The log 0,5484 is

not in the table. But one can find S478 and
S490 in the table and use interpolation to find the
antilog. Suffice to say, the antilog of 0.5484 is
the number 3.535.
One can multiply and divide numbers using their
logarithms. To multiply 6 x 7, one would add
their logs, 0.7782 and 0.8454 and get 1.6233.
One will not find .6233 in Appendix 1, but will
find .6232, next to the number 42. There are
some slight inaccuracies when working with
logarithms, for it is known that 6 x 7 equals 42,
and not an approximation to 42.
A number can be raised to a given power by
using logarithms. To find 203, for example, one
would multiply the exponent, 3, by the log of 20.
The log of 20 is 1.3010. 3 x 1.3010 equals
3.903. The mantissa .903 is not in Appendix 1,
but is close to 9031, which is the mantissa for
80.0. One would convert 3.903 back into 8000.
Again, there are some slight inaccuracies.
Finally, one can find any nth root of a number
using logarithms. To find a root, divide the logarithm of a number by the index of the root and
find the antilog. Thus, to find the 4th root of
60.0, one would first find the log of 60.0, which
is 1.7782. 1.77824 equals 0.44455. The antilog of 0.44455 would be 2.789 approximately.
Again, small inaccuracies accrue.

Conclusion
Logarithms are 400 years old and serve as the
basis for the vertical scale on the Standard
Celeration Chart. Logarithms are not needed to
work with the Chart. They are seldom taught
anymore. Slide rules, which were based on
logarithms, are also a thing of the past. Today,
neither logarithms nor slide rules are needed to
find products, quotients, powers, or nth roots.
Hand-held calculators can do the job faster and
with more precision. But logarithms came before
calculators, and if we want to know our
background, we may want to know something
about logarithms.
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