
F isher ' s  Exact P r o b a b i l i t y  and Prec ls lon  Teaching: 
Uses, L i m i t s  and an E f f i c i e n P  Method o f  Calculat ion. 
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Workers i n  t h e  d i s c i p l i n e  o f  Prec is ion  Teaching occasional ly  need t o  make 
s t a t i  s t i c a l  s t a t e m e n t s  abou t  t h e i r  data. When these occas ions  a r l  se, 
p rov id ing  an exact  p r o b a b i l i t y  i s  a  more precise statement than p rov id ing  an 
e s t i m a t e  o f  a  s i g n i f i c a n c e  l e v e l  ( L i n d s l e y ,  1980). The purposes o f  t h i s  
paper a r e  t o  r e f r e s h  t h e  P r e c i s i o n  Teacher's memory o f  F i  sher 's e x a c t  
probab i l it y  formula; t o  show how t o  e f f  i c l e n t  l y  c a l c u l a t e  exact probab i l ity; 
t o  provide an example o f  t he  use o f  t h i s  s t a t i s t i c  w i t h  data p l o t t e d  on the  
Standard Behavior Chart; and t o  share some o f  the  st rengths and weaknesses o f  
Fisher's exact  p r o b a b i l i t y  t e s t  which have been expressed i n  t h e  s t a t i s t i c a l  
I ite ra ture .  

I t  shou I  d  be made c  I  ea r  t h a t  t h e  a u t h o r  is  n o t  advocat  ing s t a t  is t  i c a  I 
ana l ys i  s, but  simp l y  recogn izes t h a t  the P rec i s ion  Teacher must communicate 
w i th  r e l a t e d  professionals. Some o f  these pro fess iona ls  need t o  see o r  hear 
a  s  ign if icance leve l s ta ted before  they appear ab Ie t o  process the  data one 
wishes Po share. I f  t h e  methodology and product o f  Prec is ion  Teaching i s  n o t  
compromi sed by the  d i c t a t e s  o f  s t a t i  s t i c a l  ana l y s i  s, the  on ly  poss ib l  e  l oss 
i s  t h e  t i m e  used t o  punch numbers i n t o  a  c a l c u l a t o r  and record the  product. 

The f requenc ies (count per m inute, etc.) generated over t I me (success ive  
calendar days, etc.) and recorded on t h e  Standard Behavior Chart can be cas t  
in t o  a  2 x 2 c o n t i n g e n c y  t a b  l e. The coun t  per  m inute, t h e  y  a x i  s, can be 
b isec ted  by t h e  median f requency  o f  t h e  d  i s t r  ib u t  ion f o r  t h e  f r e q u e n c i e s  
char ted .  Success ive  c a l e n d a r  days, t h e  x  ax is ,  can be d i v i d e d  a t  a  phase 
change. There are  a  number of o ther  r a t i o n a l  methods f o r  d i v i d i n g  t h e  x and 
y  ax1 s  o f  t he  Standard Behavior Chart i n t o  the  f o u r  quadrants necessary f o r  
the  cons t ruc t i on  o f  a  2 x 2 contingency table.  

Chart 1 provides an example, using the  median frequency t o  b i s e c t  the  y  
a x i s  and t h e  phase change t o  d i v i d e  t h e  x  ax is .  Each d o t  on t h e  c h a r t  
r e p r e s e n t s  t h e  m idd Ie  f requency counted per  day o f  a p p r o p r i a t e  I ingu is t  ic 
pauses wh ich  Steve e m i t t e d  whi I e  v o c a l l y  d e s c r i b i n g  a  v a r i e t y  o f  s t i m u l  i. 
Three one-minute t i m i n g s  were ob ta i  ned per session. The frequencies t o  the  
l e f t  o f  t h e  phase change I ine (Phase I )  were o b t a  i ned when t h e  c l  i n  i c i a n  
p r o v i d e d  p i c t u r e s  and c h i  I d r e n t s  books f o r  Steve t o  descr ibe .  A f t e r  t h e  
phase change (Phase I I )  t h e  s t i m u l i  which t h e  c l i n i c i a n  p r o v i d e d  were 

Y' mani put able objects. The aim of the  t r a i n i n g  was t o  increase Steve's count 
o f  appropr iate l i n g u i s t l c  pauses t o  a t  l eas t  12 per minute (Fl anagan, 1977). 

i The Phase I I  change was made because the  Phase I  was not  y i e l d i n g  t h e  desi red 
ce lera t ion .  

Employ i n g  t h e  d a t a  f r o m  C h a r t  1, t h e  median f requency and t h e  phase 
change were used t o  assign each frequency p l o t t e d  t o  one o f  t he  four  c e l l s  o f  
a 2 x 2 contingency tab1 e. The median frequency fo r  the  two  phases combi ned 
was equal  t o  10. The phase change o c c u r r e d  b e f o r e  t h e  50 th  s u c c e s s i v e  
c a l e n d a r  day. For Phase I  t h e  f r e q u e n c i e s  were ass igned  t o  c e l  l a o r  c  as 
fo l lows:  I f  a  frequency was above the  median it was assigned t o  c e l l  a. I f  
the  frequency was a t  o r  below t h e  medi an it was assigned t o  ce l  l c. The same 
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c r i t e r i a  were used f o r  assigning t h e  frequencies i n  Phase I 1  t o  c e l l s  b o r  d. 
The data from Chart  1 casted as described i n t o  2 x 2 t a b l e  are shown i n  Table 
1. 

Table 1 

Frequencies from Chart 1 D iv ided by Median and Phase Change 
Cast I n t o  a 2 x 2 Contingency Table 

Phase I Phase I I 

Above MD 

MD = 10 

A t  o r  
Below Fr64 

A common l y  c i t e d  work! ng formul a (Cochran, 1952; McNemar, 1955; Siegel, 1956) 
f o r  computing F i she r ' s  exact  p r o b a b i l i t y  t e s t  (1934) i s  

using t h e  data from Chart 1 

S t a t i s t i c i a n s  ag ree  t h e  t e s t  c i t e d  i s  I abo r ious  t o  compute. RecaI I t h a t  a 
f a c t o r i a l  ( I )  i s  the  product o f  a g iven se r ies  o f  consecutive whole numbers 
b e g i n n i n g  w i t h  1: as t h e  f a c t o r i a l  o f  5 i s  5 x 4 x 3 x 2 x 1 o r  120. 
Consider t h e  f o l  lowing re1 a t i o n  between n, n! and t h e  common logar i thm of n I  
( l o g  n ! )  shown i n  T a b l e  2. 



Table 2 

F a c t o r i a l s  and The i r  Comon Logarithms 

Given t h e  s i z e  o f  t h e  numbers w h i c h  need t o  be computed i n  t h e  p r o b l  em a t  
hand, one ga ins  an i n t u i t i v e  understanding o f  why Fisher 's exact  p r o b a b i l i t y  
t e s t  I s  considered labor ious  t o  compute. Even w i t h  the  c a l c u l  a t o r s  ava i  l abl e 
today, t he  capac i ty  o f  these mach ines i s  qu i ck l y  exhausted. However, F i  nney 
(1948) suggested t h e  labor  can be reduced by the  use o f  a t a b l e  o f  t h e  common 
logar i thms o f  t he  f a c t o r i a l  funct ions. I t  can be noted i n  t h e  r i g h t  column 
o f  Table 2 how the conversion o f  f a c t o r i a l s  t o  a common logar i thm keeps the  
numbers t o  a manageable s i ze .  Even t h e  l o g  o f  1001 i s  157.97000, a number 
which i s  no t  beyond the c a p a b i l i t i e s  o f  today's e l e c t r o n i c  ca lcu la tors .  

To t u r n  t h e  l abor ious task  o f  computi ng F isherls exac t  probabi l i t y  i n t o  a 
r e l a t i v e l y  modest e f f o r t ,  the P r e c i s i o n  Teacher needs t o  be reminded o f  t w o  
r u l e s  which are requ i red  f o r  t h e  m u l t i p l i c a t i o n  and d i v i s i o n  o f  logar i thms:  

1. To m u l t l p  l y  two numbers, add t h e i r  logarithms. 
2. To d i v i d e  two numbers, s u b t r a c t  t h e i r  logarithms. 

These mathematical r e l a t i o n s  h o l d  regardless o f  t he  magnitude o f  t he  number. 

The c o n v e r s i o n  o f  t h e  l i n e a r  e q u a t i o n  c i  t e d  p r e v i o u s l y  f o r  c o m p u t i n g  
F i  sherls exact  probab i l it y  t o  a l oga r i t hm ic  equat ion requ i r e s  t h a t  the  two 
r u l e s  s ta ted  above be f o l  lowed. The r e s u l t i n g  l oga r i t hm ic  equat ion i s :  

l og  P = 

P = ( l o g  PP 
o r  

using t h e  data from Chart 1 

l o g P =  log (91) 
log  (151) 

= 
= 

5.55976+ 
12.11650+ -

log (24!) 
log (21 1 

= 
= 

23.79271+ 
0.30103+ 

log  (151) = 12.11650+ log  (71)  = 3.70234+ 
log (91) = 5.55976 log (2! )  = 0.30103 



The sums o f  t h e  above logar ithm ic convers ions are:  

l o g  P  = 35.35253 - 37.89148 = -2.53895 

I f t h e  read.er has a  c a  l c u  l a t o r  e  u ipped w it h  t h e  f a c t o r  l a  l ( x ! )  common 
l o g a r i t h m  ( l o g )  and a n t i  l o g a r i t h m  ( 3 0 )  m a t h  f u n c t i o n  keys, p l u s  a  memory 
capabi l ity, t h e  csmputat  i o n  o f  t h e  above da ta  takes  a  .few m 1 nutes. See t h e  
Append i x  f o r  t h e  e x a c t  s t e p s  necessary ,  w i t h  a c a l  c u l  a t o r  e q u i p p e d  as 
described, f o r  t h e  c a l c u l a t i o n  o f  t h e  p roduc t  o f  t h i s  equat ion. 

T o o b t a l n  a  p r o b a b i l i t y  (P I  v a l u e  c o m p a r a b l e  t o  t h e  u s u a l  s i g n i f i c a n c e  
t e s t  o f  t h e  nu l I hypothes is, a1 l P's more extreme than  t h e  ob ta  ined P  must be 
c a l  cu l  a ted  and added t o  t he  P c a l  cu l  a ted  above. Thi  s  can be made c l  ear by an 
example. I n  T a b l e  3  t h e  o b s e r v e d  s e t  o f  f r e q u e n c i e s  ( p a r t  I )  and s e t s  
showing more extreme f requenc ies  a r e  found ( p a r t s  I I  and I l l ) .  

Tab le  3  

The Ser ies  o f  2 x  2  Tab le  Required 
For  C a l c u l a t i o n  o f  P D i r e c t l y  and E x a c t l y  

I I I I I I  
observed more extreme more extreme 

a+c b+d N=24 a+c b+d 

=15 =9 =15 =9 

Note t h a t  each p a r t  is  based on t he  preceding p a r t  by s u b t r a c t i n g  1 f rom 
a  and d  and add ing 1 t o  b  and c. T h i s  p r o c e s s  i s  c o n t  i nued u n t  i I c e l  l a  o r  d  
o r  bo th  a re  equal t o  zero. The ad bc s u b t r a c t 1  on and add1 t i o n  process would 
be reversed  i f  a  ze ro  c e l l  cou ld  be reached i n  fewer  s teps  by p rogress ing  i n  
t h e  reve rse  d i r e c t i o n .  

P a r t  I c o n t a i  ns t h e  o b s e r v e d  f r e q u e n c i e s  p r e s e n t e d  i n  T a b l e  1  and 
c a l c u l a t e d  i n  t h e  p r e c e d i n g  s e c t i o n  u s i n g  a l o g a r i t h m i c  f o r m u l a  f o r  
c a l c u l a t i o n  o f  P. Thus P = .00289. T a b l e  3  shows t h a t  t h e  m a r g i n a l  
f r e q u e n c i e s  f o r  P a r t s  I I and I I I r e m a i n  unchanged f r o m  P a r t  I. From t h e  
v i e w p o i n t  o f  e f f i c i e n c y  o f  ca l cu la t i on ,  t h i s  f a c t  i s  i m p o r t a n t  because t h e  
va lue  o b t a i  ned f o r  t h e  l e f t  h a l f  o f  t h e  c a l  cu l  a t i o n  [log(a+b!)+ ...1 - remai ns 
a c o n s t a n t  in t h e  c a  l c u  I a t  ions o f  t h e  P1s f o r  P a r t s  I I and I I I. The 
r e s u l t i n g  p r o b a b i l i t i e s  are: 



Without  any assumptions o r  approximat ions, which would be necessary w i t h  
a l  t e r n a t  i ve  s t a t i  s t i c a l  t r e a t m e n t s ,  t h e  c o n t i  ngency  t a b  Ie o b s e r v e d  may b e  
judged t o  s i g n i f i c a n t l y  c o n t r a d i c t  t h e  n u l l  hypo thes is  o f  p r o p o r t i o n a l i t y  i f  
P i s  a sma I l q u a n t i t y :  i n  t h i s  case, .003, o r  a b o u t  1 o u t  o f  333, s h o w i n g  
t h a t  f o r  any case  i n  w h i c h  t h e  h y p o t h e s i s  we re  t r u e ,  o b s e r v a t i o n s  o f  
f requenc ies  o b t a i  ned would be ext reme l y  excep t iona l  (F isher ,  1934). Us ing  an 
a l t e r n a t i v e  s t a t i s t i c ,  Chi -square,  t h e  b e s t  t h e  P r e c i s i o n  Teacher c o u l d  do 
would be t o  e s t i m a t e  t h e  P va l ue. l nstead o f  s t a t i n g  t h a t  t h e  probab i l it y  o f  
p r o p o r t iona l it y  o f  t h e  Phase I versus Phase I I f requenc ies  cou Id be exp l  a i  ned 
by chance one t i m e  o u t  o f  333 t imes,  it would be necessary t o  s t a t e  t h a t  t he  
p r o b a b i l i t y  o f  p r o p o r t i o n a l i t y  was g r e a t e r  than  one t i m e  o u t  o f  100, b u t  l e s s  
than one t i m e  o u t  o f  1000. 

The P rec i  s i  on Teacher shou ld r e c a l l t h a t  F i  sher's exac t  probabi l it y  t e s t  
i s  a o n e - t a i  l e d  t e s t .  T h a t  i s, one  m u s t  b e  w i l l in g  t o  s t a t e  t h e  e x p e c t e d  
d i r e c t i o n  o f  change i n  f requency t h a t  t h e  c o n d i t i o n s  o f  t h e  phase change a r e  
l i k e  l y  t o  produce. The expected d i r e c t i o n  o f  change i n  f requencies between 
Phase I and I I  i n  t h i s  example was t h a t  t h e  frequency would increase. I f  t h e  
P r e c i s i o n  Teacher does n o t  have a b a s i s  f o r  expec t ing  what e f f e c t  t h e  phase 
change w i l l  have  on  subsequent  f r e q u e n c i e s ,  such a s  w i t h  a m a i n t e n a n c e  
schedule, a t w o - t a i l e d  t e s t  o f  p r o b a b i l i t y  should be used. To o b t a i n  a two- 
t a i  l e d  probabi I i t y  value, mu1tip l y  t he  P ob ta ined  above by two. 

F i s h e r  recommends t h e  t e s t  f o r  a l l  t y p e s  o f  d i c h o t o m o u s  da ta ;  t h i s  
recommendat ion has been questioned. Tocher ( 1950) has o f f e r e d  a mod if ic a t ion 
t o  c o r r e c t  f o r  p o s s i b l e  Type I e r r o r s  w h i c h  wou ld  be u s e f u l  i n  c e r t a i n  
sampl ing s i t u a t i o n s .  A c c o r d i  ng t o  Cochran (1  9521, Tocher ' s  mod i f  i c i a t  i o n  
should be used when: 

( 1 )  One i s  s e l e c t i n g  a random s a m p l e  (n )  f r o m  some p o p u l a t i o n  and 
c l  ass i f y i  ng t h e  obse rva t i on  in t o  one o f  f o u r  ce l l s. 

(2) One i s  t a k i n g  a random 2ample f rom a popu la t i on  denoted by A, and an 
independent random sample s i z e  r from another populat ion.  

I n  t h e  example i n  t h i s  repor t ,  n e i t h e r  o f  these s i t u a t i o n s  appear t o  f i t .  
The f r e q u e n c i e s  f r o m  Phase I and Phase I I have n o t  been random l y  s e l e c t e d ,  
b u t  r e p r e s e n t  t h e  p o p u l a t i o n  o f  f r e q u e n c i e s  w h i c h  e x i s t  f o r  S t e v e  a t  t h e  
de f  i ned task .  The popu I a t i  on o f  in t e r e s t  i s S teve 's  r a t e  o f  a p p r o p r i a t e  
l i n g u i s t i c  pauses and t h e  r e l a t e d  v a r i a b l e  o f  h i s  f l u e n c y  w h i l e  speak ing .  
Un I ik e  F i  s h e r ' s  examp le  ( 1  956) o f  I t M a t h e m a t i c s  o f  a l a d y  t a s t i n g  tea," t h e  
quest i on  o f  whether t h e  f requencies o f  Steve's t r a i  n i  ng da ta  w i l l re1 a te  h i s  
b e h a v i o r  i n  a n o t h e r  s e t t i n g  i s  n o t  a t h e o r e t i c a l  i ssue ,  b u t  an e m p i r i c a l  
question, which can be and was reso l ved  by t h e  cot l e c t i o n  o f  repeated probe 
da ta  (Sidman, 1960) i n  s e t t i n g s  removed from the  t r a i n i n g  s i t u a t i o n .  

The p r o b a b i  l it y  s t a t e m e n t  c o n c e r n  i ng t h e  f requencies i n  Phase I versus 
Phase I I w i l I m o s t  l ik e  l y  have  t h e  g r e a t e s t  u t  i l it y  when t h e  a u t h o r  i s  
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To c a l c u  1 a t e  t h e  m a r g i  na l f r e q u e n c i e s  o f  
[ log(a+b)+ ......I -, t h e  s teps a r e  as f o l l o w s :  

t h e  l o g a r i  thrn i c  e q u a t i o n ,  

En te r  8 
Press x !  
Press l o g  
Press SUM 
Ente r  12 
Repeat s teps  2 t h r u  4 
E n t e r  9 
Repeat s teps  2 t h r u  4 
En te r  11  
Repeat s teps 2 t h r u  4 
Press RCL 
Record d isp l ay 26.446776 

To c a l  c u l  a t e  N and t h e  c e l  l f r e q u e n c i e s  - log(^!) + l o g ( a ! )  .....I, t h e  
s teps  a r e  as f o l l o w s :  

Press O f f  
Press ON/C 
Ente r  20 
Press x !  
Press l o g  
Press SUM 
Ente r  6 
Repeat s teps  4 t h r u  6 
E n t e r  2 
Repeat s teps  4 t h r u  6 
E n t e r  3 
Repeat s teps  4 t h r u  6 
En te r  9 
Repeat s teps  4 t h r u  6 
Press RCL 
Record 77.887402 

To o b t a i n  t h e  l o g  o f  P: 

Press ON/C c l e a r  d i s p l a y  
E n t e r  26.446776 l og (a+b l )  ...... 
Press -
Press RCL 
Press = 
Record -1.4756757 

To o b t a i n  P: 

Press INV 
Press l o g  (code f o r  xlO) 
Record .O3667 54 

A s im i 1 a r  step-by-step procedure for a Texas Instruments, Model TI  -55, 
f o r  t h e s e  c a l  c u l  a t i  ons  is a v a i  l a b l  e f r o m  t h e  a u t h o r  on r e q u e s t .  T h i  s more 



advanced c a l c u l a t o r  has t h e  advantages o f  capabi l i t y  f o r  programming p a r t  o f  
t he  s teps  and a s u f f i c i e n t  number o f  memories t h a t  the sub-products o f  t h e  
equa t ion  can be s t o r e d  i n  t h e  machi ne (i.e., more e f f i c i e n c y  and l ess  chance 
o f  e n t e r i n g  an e r ro r ) .  

B r u c e  C. F l a n a g a n  i s  P r o f e s s o r  o f  Speech Pa tho logy ,  Speech and H e a r i n g  
Center, Kansas S ta te  Un i ve rs i t y ,  Manhattan, KS 66506. 

PERFORMANCE AND LEARNING WORLD RECORDS 

performance Records 

TanyaKe lb  ( B e l l e v i l l e , O n t a r i o )  S e e - t h i n k 1 4 7 0 w o r d s p e r m i n u t e  
( s i l e n t  read ing)  

V icky Vachon ( B e l l e v i l l e ,  On ta r i o )  See-wr i te  146 s u b t r a c t  f a c t s  
o f  16 per minute 

I earn ina  Records 

Mary Hurs t  and Patsy (Potos i ,  M i s s o u r i )  See-say 10 s u r v i v a l  words over  
and over  f o r  one minute --
c o r r e c t s  x20 and i n c o r r e c t s  
/I5 f o r  e i g h t  da ta  days 

A REMlNDER 

I f  you want t o  renew o r  become a  subsc r i be r  t o  t he  Data-Sharing k w s l e t t e r ,  
f i l l  i n  t h e  form below and send i t  ASAP: 

Name . 
Address 
C i t y ,  State,  Z i p  -
Pro fess iona l  A f f i l i a t i o n  
Phone New - Change -Renew -

Send t o :  Car l  V. B inder  
Behavior P ros thes i s  Lab 
Walter E. Ferna ld  S ta te  School 
Box 158 
Be lmont, Massachusetts 02178 


